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ABSTRACT
The class of phenomenological Lagrangians used for light constituent quarks is dis-
cussed. The Nambu-Jona-Lasiniomodel is then argued to be a good phenomenolog-
ical choice and the quality of its prediction in the purely hadronic sector including
several relations between parameters illustrated. Then we use these models to cal-




mass dierence and the B
K




mixing, are treated in more detail.
1. Introduction
The problems of dealing with the strong interaction at low and interme-
diate energies are well known. At short distance we can use perturbative
Quantum Chromo Dynamics (QCD) but due to asymptotic freedom this can
no longer be done at low energies. The coupling constant there becomes too
large. A general method, that is however extremely manpower and computer
intensive, is using lattice gauge theory methods. An overview of this eld
can be found elsewhere in these proceedings
1
.
At very low energies we can use the methods of Chiral Perturbation The-
ory (CHPT). A good overview of the present state of the art here can be
found in the DANE workshop report
2
. CHPT is a rigorous consequence of
the symmetry pattern in QCD and its spontaneous breaking. Both pertur-
bative QCD and CHPT are good theories in the sense that it is in principle
possible to go to higher orders and calculate unambiguously. The size of the
higher orders also gives an estimate of the expected accuracy of the result. A
disadvantage of CHPT is that as soon as we start going beyond lowest order
the number of free parameters increases very rapidly thus making calcula-
tions beyond the lowest few orders rather impractical. We would thus like to
obtain these free parameters directly from QCD.
This has so far been rather dicult to do. The reason is that all avail-
able approaches,like lattice QCD, QCD sum rules, etc. , have problems with
enforcing the correct chiral behaviour. We would also like to understand the
physics behind the numbers from the lattice calculations in a more intuitive
fashion. Therefore there is a need for some models that interpolate between
QCD and CHPT. We will require that these models have the correct chiral
symmetry behaviour.
2
It should be kept in mind that these are models and not QCD. The
hope is that these models will catch enough of the essential part of the
behaviour of QCD at low energies that they can be useful. Two major
classes exist, those with higher resonances than the pseudoscalars included
and staying at the hadronic level, or those with some kind of quarks. Both
of these have their drawbacks. In the rst case there still tends to be a large
number of parameters and in the second case most models do not include
connement. Connement is treated by explicitly looking only at colour
singlet observables. The other drawback is inherent in the use of a model. It
is not possible to systematically expand and get closer to the \true" answer.
We will here look at models including some kind of constituent quarks.
The main motivation here is that the standard constituent quark picture
explains the hadron spectrum rather well. It has problems when interactions
have to be included. It also tends to break chiral symmetry explicitly. Here
we do not attempt to explain the hadron spectrum but instead focus on the
few lowest lying states only.
The class of models we will look at, is those where the fundamental La-
grangian contains quarks and sometimes also explicitly meson elds. There
exists a whole set of these models of increasing sophistication. Models that
are mainly for study of the spectrum like the bag model are not included.
See
3
for a review of various aspects of this whole area.
The lowest member of the hierarchy are the quark-loop models. Here the
basic premise is that interactions of mesons proceed only via quark loops.
The kinetic term for the mesons is added by hand. As a rule these models
have some problems with chiral symmetry. In particular pointlike couplings
of more than one meson to a quark-antiquark pair have to be added in order
to be consistent. This goes under various names like bare-quark-loop model.
A version that incorporates chiral symmetry correctly and also considers
gluons is known as the Georgi-Manohar model
4
. Another variation is to use
the linear sigma model coupled to quarks.
The next level is what I would call improved quark-loop models. Here also
the kinetic terms of the mesons are generated by the quark loops. The degrees
of freedom corresponding to the mesons still have to be added explicitly by
hand. This leads to somewhat counterintuitive results when calculating loops
of mesons
5
. This class started as integrating the nonanomalous variation
of the measure under axial transformations and its most recent member is
known as the QCD eective action model
6
, that reference also contains a
rather exhaustive list of references to earlier work.
The third level diers from the previous in that it starts with a Lagrangian
which is purely fermionic and the hadronic elds are generated by the model
itself. The simplest models here are those that add four-fermion interaction
terms to the kinetic terms for the fermions. These are usually known as
extended Nambu-Jona-Lasinio (ENJL)
7
models. They have the advantage of
being very economical in the total number of parameters and of generating
3
the spontaneous breakdown of chiral symmetry by itself. The previous class
of models has the latter put in by hand. Most of the remainder will be
devoted to this class of models. A review of the more traditional way of
treating this model can be found in
8
.
The most ambitious method has been to nd a chirally symmetric solution
to the Schwinger Dyson equations. These methods are typically plagued by
instabilities in the solution of the equations. In the end they tend to be more
or less like nonlocal ENJL models. They typically also have a lot of free
parameters. A recent reference is
9
.
Some common features of all these models are that they contain a type of
constituent quark mass and connement is introduced by hand. The quarks
are integrated out in favour of an eective action in terms of colourless elds
only. The analysis also assumes keeping only the leading term in the expan-
sion in the number of colours, 1=N
c
, only. This is not always explicitly stated
but there are very few papers trying to go beyond the leading term.
I will concentrate on the ENJL models since they are the simplest ones
where the spontaneous symmetry breaking and the mesonic states are gen-
erated dynamically rather than put in by hand. Various arguments for this
model in terms of QCD exist, see
8;10
. A physics argument for the pointlike
fermion interaction is that in lattice calculations the lowest glueball mass
tends to be around 1 GeV. So correlations due to gluons below this scale
might be suppressed.
In the remainder I will rst discuss the low-energy limit of the ENJL
model and then treat a method of going beyond this. The results will be
suciently encouraging to go on to the second part, the use of this model to
calculate hadronic matrix elements. I rst give a general introduction to the
1=N
c
method of calculating matrix elements and then use the ENJL model





dierence and on the B
K
-parameter.
2. Results of a Low Energy Expansion















are related to the pion decay constant and the quark vacuum expectation







The interest in this class of quark models as a low energy expansion was
restarted when in deriving the Wess-Zumino term also the eective action
produced for the \normal" sector was calculated. Good agreement with the
CHPT coecients that are not connected to the quark masses was found,
see e.g. Ref.
12
. This work was then extended to include the eects of \low-
energy gluons" and quark masses
6
. The latter paper also used a heat kernel




agreement was not so satisfactory.
This prompted us to examine what happens in the ENJL model
10
. Its


























Here summation over colour degrees of freedom is understood and we have






is the gluon eld




=number of colours) representation; G

is







s and p are external vector, axial-vector, scalar and pseudoscalar eld matrix
sources; M is the quark-mass matrix.
The ENJL Lagrangian is now given by the QCD Lagrangian with only






























































































Here i; j are avour indices and 	
R;L
 (1=2) (1 
5




are dimensionless and O(1) in the 1=N
c
expansion and summation





rates only the low-frequency modes of quark and gluon elds. The remaining
gluon elds can be assumed to be fully absorbed in the coecients of the local
quark eld operators or alternatively also described by vacuum expectation
values of gluonic operators (see the discussions in Refs.
10;13
).
So at this level we have two dierent pictures of this model. One is where
we have integrated out all the gluonic degrees of freedom and then expanded
the resulting eective action in a set of local operators keeping only the rst
nontrivial terms in the expansion. In addition to this we can make additional
assumptions. If we simply assume that these operators are produced by the









The two extra terms in (2) have dierent anomalous dimensions, so at the
strong interaction regime, where these should be generated, there is no reason










The other picture is the one where we only integrate out the short distance
part of the gluons and quarks. We then again expand the resulting eective
action in terms of low-energy gluons and quarks in terms of local operators.
5
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 5.5  3.9  2.6  5.5
M
V
(MeV) 770 1260 1 810
M
A
(MeV) 1260 2010 1 1330
Here we make the additional assumption that gluons only exists as a pertur-
bation on the quarks. The quarks feel only the interaction with background
gluons. This is worked out by only keeping the vacuum expectation values of
gluonic operators and not including propagating gluonic interchanges. The
best ts are in fact with the gluonic expectation value equal to zero.
This model has the same symmetry structure as the QCD action at lead-
ing order in 1=N
c




of the elds in this model see reference
10




Numerically good agreement can be obtained for all relevant parameters
(see table 1). The ts are not quite as good when constraints on G
V
are
included. These include G
V




=4. The latter follows from
requiring a kind of SU(6) symmetry of the ENJL-Lagrangian and also from
the assumption that they come from one-gluon exchange. The former is if




















































is around 1.2 . A






































) and  (1)  1. These functions are the result of our
regularization scheme
10
. The factor g
A




! 1 the quark-loop model result is reproduced. The factor
g
A




in the ENJL model as compared to
the chiral quark model(CQM). In L
9
the last term is the CQM result while
the rst term corresponds to a vector exchange. It can be seen that this
model nicely interpolates between the CQM and the vector meson dominance
(VMD) result. The largest change occurs in L
5
which is suppressed by an
overall factor of g
3
A












[ (0)    (1)] : (5)
This allows the ENJL result to t the observed value for L
5
very well.
But much more important than the numerical results were a set of rela-
tions that we obtained between the dierent low-energy parameters. These
were independent of the gluonic corrections and valid within a large class of
regularization schemes for the ENJL model. The rst set of relations is a













= 0 : (6)




is also a Goldstone boson. The other












































For a denition of the couplings see Ref.
10

















The most surprising result was the fact that the rst Weinberg sum rule was






































3. Beyond the Low Energy Expansion
The success of the previous section then led us to try to go beyond the
low-energy expansion
13;16
. The underlying idea is not to introduce meson like
elds but to directly calculate Green functions in terms of feynman diagrams
with fermions. Similar methods were used by Refs.
17;18
. As a rst requisite
we have to calculate the fermion propagator. This can be done by summing
the diagrams using the Schwinger Dyson equations. This is depicted in g.








Fig. 1. The Schwinger Dyson equation for the propagator. A thin (thick) line is the bare (full)
fermion propagator.
this equation we also see the close relation between hqqi and the constituent
quark mass, m
Q
. To all orders we have of course a dierent constituent
quark mass for the dierent avours. In the previous section this was treated
perturbatively. We now will try to calculate some processes to all orders.





The chiral limit case was analyzed in
13
, the corrections due to nonzero
quark masses can be found in
16
. Several relations were found to be true
to all orders. As an example we will derive here the relation between the
scalar mass and the constituent quark mass in the chiral limit. The set of
diagrams that contributes is drawn in Fig. 2a. The series can be rewritten as
a geometric series and can be easily summed in terms of the one-loop 2-point
function 
S
. The full result for the scalar-scalar two-point function (we only
treat the case with equal masses here, see
16











The resummation has generated a pole that corresponds to a scalar particle.
Can we say more already at this level? We can in fact. The Ward identities
























































Fig. 2. The graphs contributing to the two point-functions in the large N
c
limit. a) The class of
all strings of constituent quark loops. The four-fermion vertices are those of 2. The crosses at both
ends are the insertion of the external sources. b) The one-loop case.
(14) is a consequence of using the heat kernel for the one-loop functions and


























The rst two terms vanish due to the gap equation so this two-point function
has a pole at twice the constituent mass. For nonvanishing current quark




















for denitions. Other examples of relations with the same range of
validity are:
1. The rst and second Weinberg sum rule are satised, indicating a some-
what too suppressed high energy behaviour for the last one.
2. The third Weinberg sum rule is violated as in QCD.
























These are valid in all schemes where the one-loop functions are obtained from
a heat kernel like expansion and have thus a rather broad range of validity.
In particular, they remain valid at nite temperatures and densities.
3.2. 3 point functions and anomalies
We discuss in this section as an example the pseudoscalar-vector-vector
3-point function. This has all the interesting features plus the occurrence
of the avour anomaly. The general diagram is a one-loop triangle diagram
with a chain with 0,1,2,3,: : :one-loop (like in Fig. 2a) connected to all three
9
























The resummation of the external leg leads immediately to a VMD-like for-
mula in terms of slowly varying functions of the momenta. A similar expres-
sion is valid for the other vector leg. The pseudoscalar leg can mix with the
longitudinal axial-vector degree of freedom leading to a sum of two terms.
















). It is in this way that this resummation method sees the
mixing of the pion and the axial-vector.
In fact two more eects should be taken into account. The current iden-
tity is used in a three-point function so there are usually also terms from
the equal-time commutators and there are additional terms in the current
identity due to the anomaly. These latter are very important in obtaining
results that have the correct QCD avour anomaly
14;16
. The nal result for
the PVV three-point function with momenta p
1;2



































































































) is essentially the chiral quark loop result. So an-
alytically we only have a part that is multiplied by the expected Vector-
Meson-Dominance factors. There is a second part that is not, that came
from the extra terms in the current identity. This behaviour is in fact very
welcome. We have both the one-loop quark contribution to the slopes and
the one from vector meson dominance. Since both of these explain the ob-













































)) (1    (1)= (0)))
 0:40 GeV
 2
. As we see we have good numerical agreement with the ob-
served slope and the corrections due to nite meson mass are substantially
smaller than in the chiral quark model. The latter is also desirable since
otherwise there would have been extremely large corrections to the  decay.
3.3. Meson Dominance
As shown in the previous two subsections the appearance of meson dom-
inance like formulas with slowly varying couplings is a natural feature of this
model and as such the successful phenomenology of this concept is taken
10
over. The model does combine this together with a set of chiral quark loop
eects in a kind of interpolating fashion thus incorporating the strengths of
both approaches. The nal results can be plotted to check whether the nal
formulas also have a VMD-like behaviour and as shown in section 5 in
16
this is numerically the case for all the 2 and 3-point functions studied there.
We have in general stayed in the euclidean domain of momenta to avoid the
problem that this model does not include connement. There the sign of
meson dominance is that inverse formfactors are straight lines as a function
of the various q
2






In this section we will discuss the general philosophy behind the 1=N
c
method of calculating nonleptonic matrix elements. A good review where
also the references to the original papers can be found are the lecturers by
Gerard
19





be found in Ref.
20
and the calculation within the QCD eective action model
and the ENJL model is in Refs.
5;13
.
We look at this quantity because it is the simplest nonleptonic matrix
elements is several respects. There is no factorizable contribution because
the photon is spin 1 and the pion spin 0. It involves only pions so we expect
the limit where the current quark masses vanish to be a good approximation
and (unlike B
K
) it doesn't vanish and is well dened in this limit. The latter
remark has one very useful consequence. Using PCAC it can be shown
21
that this matrix element can be related to a vacuum matrix element. So the
mass dierence becomes a vacuum matrix element of the photon propaga-
tor integrated over all momenta in the presence of the strong interactions.






i can be rewritten in terms of
h0jJ
2






































Eq. (20) involves an integral over all distance scales. The underlying idea is














, and then to evaluate
both pieces separately.
The long distance part in 1=N
c
can be calculated in models since in 1=N
c
the only quantities needed are the couplings of currents to hadrons and not
of full four-quark operators to hadrons. The essence of the 1=N
c
method
is to do the short-distance part using the operator expansion and then use
1=N
c
to evaluate the matrix element. Here this corresponds to using as the














































One can then still do a renormalization group improvement of this
13
.
The long distance part of the integral requires more care. There are
several approaches.
1. One can take the measured spectral functions and use these to eval-
uate the two-point functions needed in the integral. The most recent
evaluation of this is in Ref.
22
.
2. The two-point functions can be approximated by including the , 
and a
1
contribution. This was done neglecting the QCD part in the
original paper
21
and more recently in
20
.
3. We can take only the  contribution
20












4. One can use the QCD eective action approach
5
.
5. The ENJL model can be used
13
.
All of these approaches give a good result for the mass dierence. In cases
1,2 and 5 a good matching was also obtained. This means that we can vary
, the split between the short- and long-distance part of the integral, over a
reasonable interval without changing the result. In gure 3 the long-distance
result with only the pion is shown and the ENJL long-distance result. Also
shown is the experimental value, the short-distance result and the sum of
short- and long-distance for the ENJL case. The value of hqqi used is the
one given by the ENJL model.
At this point I would like to remark that for this quantity in the QCD
eective action approach one only obtains a gauge invariant result if the pion
is explicitly taken as propagating (see
5
). This shows that in this model the
pion degree of freedom has to be added by hand. The gauge dependence
then cancels between a two- and a three-loop diagram.
5. B
K
In this section the extension to weak nonleptonic matrix elements of the
methods in the previous section is discussed on the example of B
K
. Here









. An overview of theoretical situation a few years ago can be
found in Ref.
26
. The main alternatives to the present method are lattice
calculations
27






























: long-distance result with only the pion (LD-CHPT); ENJL
long-distance (LD-ENJL); experimental value (exp.); the short-distance result (SD281) and the sum
of short- and long-distance ENJL (full).
The short-distance integration here is done using the renormalization









































and summation over colours is understood. Eq. (23) is also the denition of
the B
K
parameter. The dierent approximations give
1. Vacuum Insertion : B
K
() = 1.





































































































i + : : :
!!
: (25)
We would also like to study the eects of o-shellness. Therefore we do not
























in the presence of strong interactions. We use the ENJL model for scales
below or around the spontaneous symmetry breaking scale. Here G
F
is the




s(x), with summation over









(y). The reason to calcu-
late this two-point function rather than directly the matrix element is that
we can now perform the calculation fully in the Euclidean region so we do
not have the problem of imaginary scalar products. This also allows us in
principle to obtain an estimate of o-shell eects in the matrix elements.
This will be important in later work to assess the uncertainty when trying
to extrapolate from K !  decays to K ! 2. This quantity is also very
similar to what is used in the lattice and QCD sum rule calculations of B
K
.






































This allows us to consider this operator as being produced at the M
W
scale
by the exchange of a heavy X S = 2 boson. We will work in the Euclidean
domain where all momenta squared are negative. The integral in the modulus














djrj. In principle one should then evaluate both parts separately as was




mass dierence in the above quoted references. Here we
will do the upper part of the integral using the renormalization group. This











































This can now be studied using the 1=N
c
expansion.We can rst do this




























The correction is negative. It disagrees somewhat with the result obtained
in
23
because there no attempt at identifying the cut-o across dierent
diagrams was made. Since we work at leading level in 1=N
c
in the NLO
CHPT corrections we have included the relevant singlet (
1
) component as
well using nonet symmetry. The correction in (29) has precisely the right
behaviour to cancel partly C() which increases with increasing .
The same calculation can now be performed for the ENJL model. Here
the major complication is the number of dierent diagrams that has to be















Fig. 4. A leading 1=N
c




) in the NJL model.
The crosshatched areas are the full two-point functions as discussed in subsection 3.1. Point E and
F are connected via  
S=2
.
We now evaluate all contributions numerically to the two-point function
of Eq. (26). The results for several input values are in table 2. We have


































0.3 0.68 0.50 0.74 0.50 0.55 0.74 0.55
0.5 0.59 0.59 0.71  0.44 0.71 0.72 0.72
0.7 0.53 0.58 0.69  2 0.75 0.68 0.75
0.9 0.48 0.55 0.66  3 0.76 0.65 0.75
1.1 0.45 0.54 0.64  4 0.76 0.64 0.76




= 0, the case with
SU(3) symmetry breaking m
s
= 83 MeV 6= m
d










1:16 GeV and G
V
= 0. The latter simplies the calculation by about an
order of magnitude. Preliminary results for the G
V
6= 0 case have the same
qualitative conclusion
29





The procedure we have followed to analyze the numerical results is the
following. We t the ratio between the correction and the leading 1=N
c
result
for a xed scale  to a=q
2
+ b + cq
2
which always gives a very good t (a, b
and c are  dependent). Once we have this t we can extrapolate our B
K










 0; 0:13 GeV
2
(chiral,other cases).
Let us rst treat the chiral or massless quarks case. Here a nontrivial
check on the results is that the diagrams have a behaviour which sums to
1=q
2
, i.e. a should be zero. The individual contributions do not have this







= 0. The rst





















= 250 MeV. The hatted quantity is the scale independent
quantity. Good matching is obtained if this value is stable within a range of
.




), because the chiral symmetry is broken,




) that are not proportional to
q
2
, i.e. a 6= 0. In fact a CHPT calculation predicts precisely the presence of
this type of terms
29
. For small values of q
2
the part due to a dominates even

















where the correction due to the a term is sizeable.
Notice the dierence between these two columns. This same feature should
be visible in the lattice calculations as soon as they are done with dierent





for this case is in column 6.




, which is similar to the present lattice











in this case is
in column 8.
In view of the results of
10;8;16
we expect to get a good prediction for the
eects of non-zero and dierent current quark masses. We see those and nd



















for scales   (0:7  1:1) GeV. For the extrapolation to the kaon pole
the dierence between the masses has a much smaller eect than the fact
that they were non-zero. In order to compute B
K
in the general case a
careful extrapolation to the poles was needed. The nal correction to the
B
K
parameter compared to its leading value of 3=4 turns out to be rather
small.
6. Conclusions
To leading order in 1=N
c
hadronic parameters can be reasonably well un-
16
derstood from constituent quark models. A good choice is the ENJL model,
it combines few parameters with good predictions and a generation of the
meson elds dynamically. The use of this model for nonleptonic matrix ele-







I would like to thank the organizers for a most enjoyable meeting and
stay in Croatia.
8. References
1. A. Kronfeld, in these proceedings.
2. N. Paver, in these proceedings and references therein.
3. J. Donoghue, E. Golowich and B. Holstein, Dynamics of the Standard
Model (Cambridge University Press, Cambridge, 1992).
4. A. Manohar and H. Georgi, Nucl. Phys. B234 (1984) 189.
5. J. Bijnens and E. de Rafael, Phys. Lett. B273 (1991) 483.
6. D. Espriu, E. de Rafael and J. Taron, Nucl. Phys. B345 (1990) 22.
7. Y. Nambu and G. Jona-Lasinio, Phys. Rev. 122 (1961) 345.
8. T. Hatsuda and T. Kunihiro, Phys. Rep. 247 (1994) 221.
9. R. Cahill, Nucl. Phys. A543 (1992) 63c.
10. J. Bijnens, Ch. Bruno and E. de Rafael, Nucl. Phys. B390 (1993)
501.
11. J. Gasser and H. Leutwyler, Nucl. Phys. B250 (1985) 465.
12. J. Balog, Phys. Lett. B149 (1984) 197.
13. J. Bijnens, E. de Rafael and H. Zheng, Z. Phys. C62 (1994) 437.
14. J. Bijnens and J. Prades, Phys. Lett. B320 (1994) 130.
15. K. Yamawaki and V.I. Zakharov, Extended Nambu-Jona-Lasinio
model vs QCD sum rules, UM-TH94-19, hep-ph/9406373.
16. J. Bijnens and J. Prades, Z. Phys. C64 (1994) 475.
17. U. Vogl et al., Nucl. Phys. A516 (1990) 156.
18. V. Bernard et al., Phys. Lett. B324 (1994) 201.
19. J.-M. Gerard, Acta Physica Polonica B21 (1990) 257.
20. W.A. Bardeen et al., Phys. Rev. Lett. 62 (1989) 1343.
21. T. Das et al., Phys. Rev. Lett. 18 (1967) 759.
22. J. Donoghue and E. Golowich, Phys. Rev. D49 (1994) 1513.
23. W.A. Bardeen, A. Buras and J.-M. Gerard, Phys. Lett. B211 (1988)
371.
24. A. Pich and E. de Rafael, Nucl. Phys. B358 (1991) 311.
25. J. Bijnens and J. Prades, B
K
and Explicit Chiral Symmetry Breaking,
NORDITA 94/44 N,P, hep-ph/9409255, to be published in Phys. Lett.
B.
17
26. Proceedings of the Ringberg Workshop on Hadronic Matrix Elements
and Weak Decays, Ringberg, Germany, april 1988, eds. A.J. Buras,
J.-M. Gerard and W. Huber, Nucl. Phys. B(Proc. Suppl.) 7A (1989)
27. S.R. Sharpe, Nucl. Phys. B(Proc. Suppl.) 34 (1994) 403;
N. Ishizuka et al., Phys. Rev. Lett. 71 (1993) 24.
28. A. Pich and E. de Rafael, Phys. Lett. B163 (1985) 198; K.G.
Chetyrkin et al., Phys. Lett. B174 (1986) 104; R. Decker, Nucl.
Phys. B277 (1986) 661, in
26
; N. Bilic et al., Z. Phys. C39 (1988)
351; J. Prades et al., Z. Phys. C51 (1991) 287; L.J. Reinders and S.
Yazaki, Nucl. Phys. B288 (1987) 789.
29. J. Bijnens and J. Prades, in preparation.
18
